Macroscopic superposition and entanglement for displaced thermal fields induced by a 

single atom 
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We show that a cavity field can evolve from an initial displaced mixed thermal state to a macro- 
scopic superpositions of displaced thermal states via resonant interaction with a two-level atom. As 
a macroscopic system (meter) is really in a mixed state before coupling with the microscopic system 
at some temperature, our result is important for studying the quantum measurement problem and 
decoherence under real conditions. For the two-mode case, entanglement of displaced thermal states 
between the modes can be obtained. 
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I. INTRODUCTION 

The superposition principle is the most striking prin- 
ciple in quantum mechanics. The macroscopic superpo- 
sition states, known as Schrodinger cat states [1], are of 
significance for exploring the boundary between quantum 
and classical worlds and understanding the decoherence 
effect in quantum information. The macroscopic super- 
position states also provide a test for quantum measure- 
ment theory. In the measurement model, the coupling 
between a macroscopic apparatus and a microscopic sys- 
tem results in their entanglement and produces a quan- 
tum superposition state of the whole system. 

The Jaynes-Cummings model (JCM), the simplest sys- 
tem in quantum optics describing the interaction between 
light and matter, is an ideal system for studying quan- 
tum interference effects [2,3]. It has been shown that 
if the cavity field is initially in a coherent state with a 
large average photon number superpositions of coherent 
states can be obtained in the resonant JCM [4]. Recent 
advances in experiments involving the passage of single 
Rydberg atoms through a superconducting cavity have 
turned the JCM from a theoretical curiosity to a useful 
and testable enterprise [5]. Recently, mesoscopic super- 
positions of two coherent states for a cavity field [6-8] and 
the vibrational motion of a trapped ion [9] have been ex- 
perimentally demonstrated. 

Previous researches on the macroscopic quantum- 
interference states concentrate on superpositions of co- 
herent states with different phases or amplitudes since 
coherent states are considered to be the quantum states 
close to classical ones. However, coherent states are not 
strictly classical states since they are pure states. Before 
coupling with the microscopic system, due to interaction 
with the environment a macroscopic apparatus is in fact 
in a mixed state, instead of a pure state [10] . On the other 
hand, thermal states, which do not exhibit any nonclas- 
sical property, are real classical states. In fact, thermal 
states are true representation of the state of a field at 
a finite temperature. The problem naturally arises: can 
a thermal state evolve to a macroscopic superposition? 



Does such a mixed state superposition exhibit quantum 
interference? How to detect the coherence and decoher- 
ence of this state? These questions are closely related 
with the quantum measurement process and decoherence 
under real conditions. 



In this paper, we answer the above mentioned impor- 
tant questions, showing that a cavity field can evolve to 
a macroscopic superposition through interaction with a 
resonant two-level atom even if it is initially in a ther- 
mal state. This is remarkable since it is believed that in 
order to obtain a macroscopic superposition states one 
should initially prepare the cavity mode in a pure coher- 
ent state. The coherence of the thermal state superposi- 
tion can be revealed by the collapses and induced revivals 
of the Rabi oscillation. Our study opens a prospect for 
studying the quantum measurement problem and explor- 
ing the quantum-classical transition at a finite temper- 
ature. For the two-mode case, entanglement of thermal 
states between two modes can be obtained. Our work is 
not only important for studying how macroscopic quan- 
tum interference effects can persist at a finite tempera- 
ture, but also useful for quantum information processing 
with mixed states. 



The paper is organized as follows. In Sec. 2, we show 
that an initial displaced thermal state can evolve to su- 
perpositions of displaced thermal states correlated with 
the atomic states via resonant atom-field interaction. In 
Sec. 3, we discuss the problem of detecting the coherence 
between the displaced thermal states. In sec. 4, we gener- 
alize the idea to the two-mode case and show that entan- 
glement of displaced thermal states between the modes 
can be obtained. A summary appears in Sec. 5. 



II. GENERATION OF SUPERPOSITIONS OF 
DISPLACED THERMAL STATES 

Wc consider a thermal field, whose state is described 
by the density operator pth 
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where n^— \j( e h ^/ k BT _ ^ j g ^- ne mean photon-number 
of the thermal field. Wc first displace the cavity 
field by an amount a, leading to the density operator 
D(a)pth,D + (a), with D(a) being the displacement oper- 
ator. We here assume that a is a real number. We let a 
two-level atom interact with the single-mode cavity field. 
In the rotating-wave approximation, the Hamiltonian is 
(assuming h = 1) 



H = g(a+S- +aS+), 



(2) 



where S + = \e) (g\, S~ = \g) (e| , with |e) and \g) being 
the excited and ground states of the atom, a + and a 
are the creation and annihilation operators for the cavity 
mode, and g is the atom-cavity coupling strength. 
The evolution of the system is given by 



p = U(t)D(a) \4> a ) (<f> a \ ® p th D+(a)U + (t), 
where 

U(t) = e- lHt . 
We can rewrite Eq. (3) as 

p = D(a)U d {t) \4> a ) (4> a \ ® p th U+(t)D+(a), 
where 

U d (t) =D + {a)U{t)D{a). 
Replacing Eq. (4) into (6) we obtain 
U d {t) = e- iH **, 
where 

Hd = \g[{a + + a*)S- + {a + a)S+}. 

Define the new atomic basis [11] 



(3) 
(4) 
(5) 
(0) 
(7) 

(8) 



l+> = ^(|e> + l5». |-> = ^(|e>-|5»- (9) 

Then we can rewrite H d as 

Hd = -g[a + (2cr z +<7 + -<T~)+a(2a z +(7~ -a + )]+2na z , 

(10) 



where a z = ±(|+) (+| - |-> (-|), a+ = |+) (-| , o = 
|— ) (+| , and O = ag. We can rewrite the displaced evo- 
lution operator U d (t) as 



U d (t) 



-i2Q.a z t -iHit 



(11) 



where 



Hi 
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<T+)] 



(12) 



Assuming that Q, ^> g, i.e., a 3> 1, we can neglect the 
terms oscillating fast. Then Hi reduces to 



Hi = g(a + + a)a z 



(o+ + o)(5- + S+). 



(13) 



Eq. (13) reveals the striking feature that, under the large 
displacement condition, the dynamics of the normal JCM 
in the displaced picture is described by the combination 
of the JCM and anti-JCM. 

The displacement transformation alters the JCM evo- 
lution, resulting in the competition of the excitation and 
deexcitation of the atomic state accompanying the cre- 
ation or annihilation of a photon in the initial thermal 
field. After the displacement transformation, the excita- 
tion number N e — |e) (e| + a + a docs not conserve since 
the displacement operator, involving the competition be- 
tween the annihilation and creation operators, does not 
commute with the excitation number operator. 

We now assume that the atom is initially in the state 
\g) . \g) can be rewritten as 



^ = 7=2 



-))• 



(14) 



Using Eqs.(5) and (11), we obtain evolution of the system 
after an interaction time r 



p = D(a)\<t>(T))(<f>(T)\®(H h D + (a), 

\<Kt)) = -±={e- i6 D(-f3)\+) + e iS D((3)\-) 

= ±{le-* e D(-(3) + e* e D(f3)}\e) 
+[e- i9 D(-0)-e ie D(P)}\9)}- 
where 

e = Qt, 

= igr/2. 
We can rewrite the density operator p as 
1 



(15) 



(16) 



(17) 



P 



D{a)[e- W D (-/3) + e»D (p)}p th [ e -*D (-0) 



-e i0 D(/3)}D + (a)®\e)(e 



-e w D{P)] Pth [e l6 D{f3) 
-\D{a)[e-* s D(-P) + 



-D(a)\e 
4 



D(-P) 

-e-^D(-fi)]D + (a)®\g){g\ 
e ie D(/3)}p th [e i0 D(p) 
1 



-e~*D (-p)]D+(a) ® \e) (g\ + -D(a)[e^D (-/3) 

-e i0 D (/3)] m [ e - 4e i? (-/3) + e mT D ((3)}D+(a) 
®\g)(e\. (18) 

The unnormalizcd states D(a)[e~ 10 D (— j3) ± 
e ie D(f3)]p th [e ie D(f3) ± e- i0 L> (-0)]D+(a) are su- 
perpositions of two displaced thermal states. The 
coherence arises from the superposition of two different 
displacement operators. The average photon-number of 
the displaced thermal state depends upon the amount of 

the initial displacement: n= nth + M • The quantum 
superposition persists in the classical limit |a| — > oo. 



III. DETECTION OF THE COHERENCE 

BETWEEN THE DISPLACED THERMAL 

STATES 

In order to detect the coherence between two displaced 
thermal states we could use the echo method proposed 
by Morigi et al. [12]. We divide the whole duration into 
two parts. After an interaction time t, the evolution of 
the system is given by the unitary operator U\ = e~ lHt . 
Then the atom undergoes an instantaneous phase kick, 
corresponding to the application of the inversion operator 
S z = (|e) (e| — \g) (g\). For the remaining time t , the JCM 



evolution operator is U± 
operator is 



-,-iHt 



The whole evolution 



U = U 2 S Z U X = S x e- iH{ t-* 



(19) 



We here have used the relation S Z HS Z = —H. Therefore, 
the phase kick leads to the reversal of the unitary evo- 
lution of the system. After the duration 2t, the system 
evolves back to the initial state. 

At the time t (t < t), the probability for the atom in 
the state |e) is given by 



P 



Tr{D(a)[e 

iO 



-if) 



— H~It 



■0) ± e l8 D (I3)]p th 
crDifi) ± e-' ilT D (-/3)}D+(a)} 

( 3 r) 2 (n fh+ 2)/4 cos(20T ^ 



^ 



(20) 



The 



oscillation arises from the interfer- 
ence between the two displaced thermal 
states D(a)D{-P) Ps D{p)D{-l3)D+(a) and 

D(a)D(f3)p f D(-f3)D+(a). The distance between 
the two displaced states increases with the interaction 



time. When gT\j n t h +2/2 > 1, the two displaced states 
are approximately orthogonal and thus the oscillation 
collapses. After the phase kick, the evolution is reversed. 
At the time 2t, the two components merge again into 
a single state and the atom returns to the initial state 



\g). Then the Rabi oscillation resumes. The process 
can be interpreted in term of complementarity. Due 
to the interaction with the cavity mode, there exist 
two paths for the atom to reach a definite state, with 
one path associated with the displaced thermal state 
D(a)D (—/3) pfD ((3) D + (a) and the other associated 
with D(a)D (/3) p f D (-(3) D+(a). In the case gr/2 < 1, 
the difference between the two displaced thermal states 
is negligible and thus no path information can be 
obtained. With the increase of the interaction time, 
the two displaced thermal states become distinguishable 
and the path information is recorded on the cavity 
mode, destructing the interference. After the phase 
kick, the distance between the two displaced thermal 
states decreases. At time 2t, the two components are 
recombined and the path information is erased, resulting 
the reappearance of the interference. The contrast of the 
oscillation is independent of the value of a. Therefore, 
collapses and revivals occur for the displaced thermal 

states even when n— > oo. 

With the decoherence being considered, the contrast of 
the oscillation is reduced. The initial displaced thermal 
state can be expressed in terms of the Fock states 



D(a)p th D+(a) 



m,n— 



(21) 



where 



^^ n 

„=o (1+ n)"+ l 



-C VtTn C vn , (22) 



C v , m = V^!ri.e- a2 / 2 J2 



1 



l\{v - l)\{m - l)\ 
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(23) 



Set k <C g and Kt < 1, with k being the cavity decay 
rate. At the time T, due to the cavity decay the contrast 
of the oscillation is reduced by 



kV 1 + 2 n thPnn {-{2n - 1 + " y j= ' 



sin(gt\/n — 1) 



-[•\/n(4n — 3) sin.(gt\/n) 



^g\Jn - 1 4 g L 

cos(gWn — 1) — \fn — l(4n — 1) sm(gtVn — 1) 
cos(gty/n~)}}. (24) 



IV. GENERATION OF ENTANGLEMENT 
BETWEEN TWO THERMAL CAVITY MODES 

We note the idea can also be generalized to gener- 
ate entanglement between two thermal cavity modes. 
We consider two degenerate cavity modes initially in 
the thermal states with the density operators pth,i and 



Pth.2- We first displace each cavity mode by a large 
amount a (a 3> 1), leading to the density operator 
Di(a)pth,iDi(a) D 2 (a)p t h.2.D 2 {oL). The two-level 
atom resonantly interact with the two modes. In the 
interaction picture, the Hamiltonian is 



H = (gia+ + g 2 b+)S- + { 9l a + g 2 b)S^ 



(25) 



where a and b are the annihilation operators for the two 
modes, and g\ and 172 are the corresponding coupling 
strengths. After the atom exits the cavity the whole sys- 
tem is in the state 

p = D(a, a) \<J){t)) {4>{t)\ Pth,iPth,2D + (a, a), (26) 

where 

\4>(t)) = ±le-™D(-(3 l7 -(3 2 ) |+) + e^DijSulh) |-) , 



D{p 1 ,p\) = D x {fi x )D 2 {fa), 

£1 = igir/2, 
[3 2 = ig 2 r/2. 



(27) 
(28) 

(29) 



We can rewrite the state as 



1 



p = -D(a,a)D + p thA <%> p th . 2 D + D + {a,a) |e) (e| 
--D(a, a)D-p th ,i pth,i D_D + (a, a) \g) (g\ 
--D(a, a)D + p th ,i Pth : 2 D_D + (a, a) |e) (g| 
+ --D(a, a)D-p th ,i Ptfc,2 D + D + (a, a) |.g) (e| , 

where 

£>+ = e- 2i0 J D(-A,-/3 2 ) + e 2W £»(A,/3 2 ) (30) 
D_ = e- 2i6 D{-p u -p 2 )-e 2i6 D{(i u p 2 ) 

The states D(a, a)D±p t h,i®Pth,2 D±D + (a, a) are entan- 
gled displaced thermal states. The entanglement results 
from the superposition of the two-mode displacement op- 
erators D(— Pi,— /3 2 ) and D(fii,f3 2 ). At the time r, the 
probability for the atom in the state |e) is given by 

P e = i(l + e -^ lT ) 2 +^ T ) 2 ]("+ 2 )/ 4 cos(4^T)]. (31) 



The oscillation arises from the interference between the 
two two-mode thermal states D(a, a)D(—0\ , —fi 2 )pth,i 
Pth.2 -D(/3i,/3 2 )£ )+ (a,a) and D(a,a)D(f3 1 , (3 2 )p thA 
Pth.2 D(—f3i 7 —f3 2 )D + (a,a). The distance between the 
two two-mode displacement operators does not decrease 
as the average photon-numbers of the displaced thermal 
states increases. Therefore, the entanglement survives 
when the average photon-numbers of the two fields ap- 
proach infinity. The idea opens promising prospects for 
entangling two macroscopic mixed systems and investi- 
gate the decoherence. The idea can be easily generalized 
to produce entanglement for two or more thermal fields 
located in separated cavities. 

V. SUMMARY 



In conclusion, we show that the macroscopic thermal 
state superposition can be induced by a resonant two- 
level atom for the first time. The quantum coherence can 
be revealed by the collapses and induced revivals of the 
Rabi oscillation. In contrast with previous studies con- 
cerntrating on pure coherent states, our research provides 
a way for investigating the quantum measurement model 
and decoherence phenomena under real conditions. For 
the two mode case, the quantum entanglement between 
two thermal cavity modes can be obtained. The entan- 
glement survives even if the average photon-numbers of 
the modes go to infinity. The required experimental tech- 
niques for demonstrating the idea including the passage 
of single Rydberg atoms through a high-quality cavity, 
displacement, phase kick, and atomic state measurement. 
All these techniques are presently available [6-8] and thus 
the implementation of the idea appears experimentally 
feasible. 
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